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Abstract: In this article, the notion of some new classes of multiplier ideal convergent fuzzy real-valued multiple sequence
spaces having multiciplicity greater than two are introduced. The multiplier problem is characterized. Also we have made an
effort to investigate some basic algebraic and topological properties of these introduced sequence spaces and investigate
some inclusion results between these spaces.
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Introduction

The basic mathematical concept of a set was extended by the introduction of the fuzzy set theory. Fuzzy set theory is a
powerful hand set for modeling, uncertainty and vagueness in various problems arising in the field of science and engineering
such as cybernetics, artificial intelligence, expert system and fuzzy control, pattern recognition, operation research, decision
making, image analysis, projectiles, probability theory, weather forecasting and so on. The concepts of fuzzy sets and fuzzy
set operations were first introduced by Lofti A. Zadeh [33] in 1965 and after his pioneering work done on fuzzy set theory, a
huge number of research papers have been appeared on fuzzy theory and its applications as well as fuzzy analogues of the
classical theories. Several mathematicians have discussed various aspects of the theory and applications of fuzzy sets such as
fuzzy topological spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical
programming and so on. The theory of sequence of fuzzy numbers was first introduced by Matloka [12]. Matloka introduced
bounded and convergent sequence of fuzzy numbers and showed that every convergent sequence of fuzzy numbers is
bounded. Nanda [13] studied the sequences of fuzzy numbers and showed that the set of all convergent sequences of fuzzy
numbers forms a complete metric space. The notion of statistical convergence is a very useful functional tool for studying the
convergence problems of numerical problems through the concept of density. The concept of ideal convergence as a
generalization of statistical convergence was initially introduced by Kostyrko et. al. [9]. More investigations in this direction
and more applications of ideals are found in Salat et al. [19-20], Kumar and Kumar [11], Tripathy and Tripathy [32], Das et.
al. [2], Tripathy and Sen [31], Tripathy and Hazarika [28], Sen and Roy [23], Khan and Khan [8], Raj and Gupta [16], Savas
[23], Hazarika [7], Nath and Roy[14] and so on Agnew [1]
introduced the summability theory of multiple sequences and proved certain theorems for double sequences. At the initial
stage, the different types of notions of triple sequences were introduced and investigated by Sahiner et. al. [17] and Sahiner
and Tripathy [18]. In 2012, Savas and Esi [22] have introduced statistical convergence of triple sequences on probabilistic
normed space. Esi [4] introduced statistical convergence of triple sequences in topological groups. Recently more works on
triple sequences are done by Kumar et. al. [10], Dutta et. al. [3], Tripathy and Goswami [27], Nath and Roy [15] and many
others. Using the notion of associated multiplier sequences, the scope for the studies on sequence spaces was extended by
several authors in several directions. In 1970, Goes and Goes [6] studied the notion of multiplier sequences and defined the

differentiated sequence space dE and integrated sequence space J'E for a given sequence space E, by using multiplier

sequences (k *1) and (k) respectively. Later on Tripathy and Sen [30], Tripathy and Mahanta [29] used a general multiplier
sequence (Ak) of non-zero scalars for their studies on sequence spaces. Sen and Roy [24-25] used a general multiplier

sequence (Ank) of non-zero scalars on double sequence spaces.
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Preliminaries and Background
Throughout N,R and C denote the sets of natural and real numbers respectively.A fuzzy number on R is a function
X :R —> L(=[0,]) associating each real number t € R having grade of membership X (t). We can express every real

number r as a fuzzy number ras T = 1 if t=r
0, otherwise

The a-level set of a fuzzy number X ,0< ¢ <1, is defined and denoted as

[X]* ={teR: X(t) 2 a}.
A fuzzy number X is said to be convex if X(t)> X (s) A X(r) =min(X(s), X(r)),where s <t <r and X is called normal if

there exists t, e R such that X (t,) =1. If for each ¢ >0, X *[0,a+¢)), for all aeL is open in the usual topology of R,
then a fuzzy number X is said to be upper semi-continuous. The set of all upper semi continuous, normal, convex fuzzy
number is denoted by R(L), whose additive and multiplicative identities are denoted by 0 and 1 respectively.If D denotes
the set of all closed bounded intervals x —|x -, x® | on the real line R and if d(X,Y) = max(| X"-X¥|,|Y"-Y?|), then(D,d)
is a complete metric space. Also d:R(L)xR(L)—>R defined by q(x,y)=sup d([X]*,[Y]*), forX,Y eR(L) is also a
metric onR(L). A non-void class | < 2* (power set of a non-empty set )fgaglls said to be an ideal if | satisfies (i)
ABel=AuBeland (i)Acland Bc A=Bel.

An ideal | 2% is said to be non-trivial if (E20) and Xel.
A non-trivial ideal | < 2% is called admissible if | contains each finite subset of X . A non-trivial ideal | is called maximal if
there does not exist any non-trivial ideal J #1 containing | as a subset. A non-empty family of sets F < 2% is said to be a
filteron X if (i) J¢F (i) ABeF=AnBeF=ANBeF and (iii) AcFand AcB=BeF.

For any ideal I, there is a filter F(1)defined as F(1)={K = N : N\K e | }. Throughout the article, the ideals of 2NN will
be denoted by 1, and ,(wF),; (¢%), 5(c7), 4(c,”) denote the spaces of all, bounded, convergent in Pringsheim’s sense and
null in Pringsheim’s sense fuzzy real-valued triple sequences respectively.

A subset E of N x N x N s said to have asymptotic density 5(E) if 5(E):pli{ﬂwiizr:h(i’j’k) exists, where y is the

i=1 j=L k=1
characteristic function of E.
A triple sequence is a function X:NxNxN—R(C).

A triple sequence X :<xijk> of fuzzy numbers is a triple infinite array of fuzzy numbers Xix €R(L) forall i, j,k e N.
A triple sequence X :<xijk> of fuzzy numbers is said to be convergent in Pringsheim’s sense to the fuzzy number X, if for
everye > 0, there exists i) =i, (¢), j, = jo(£).k, =k, (¢) € N such that d (X, X) <e, forall i =10y, j= jo,k=>k,.
A triple sequence X :<xijk> of fuzzy numbers is said to be | ,-convergent to the fuzzy number X, if for all ¢ >0, the set
{G, . k) eNxNxN:d(X,X,)=e}el, and we write 1,~lim X,, = X,. A triple sequence space E F of fuzzy numbers is said
to be normal or solid if <Yijk>€ EF whenever <Xijk>€ EF and E(\(ijk ,0) < d (X " ,0) forall i, jkeN. AK-step space of a
triple sequence space E Fof fuzzy numbers is a sequence space ,f :{(xinjnkn) €, (Wh): (Xy) e EF}. A canonical pre-image
of a sequence (xinjnkn) cEF is a sequence <Yijk> e, (WF) defined as :
X, if (i, j,k)eK

"0, otherwise '
A canonical pre-image of a step space AEF is a set of canonical pre- images of
all elements in A" .

A triple sequence space EFof fuzzy numbers is said to be monotone if EF contains the canonical pre-image of all its step
spaces.
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A triple sequence space EFof fuzzy numbers is said to be symmetric if<X,,(i,-k)>€ EF, whenever <Xijk> cEF where 7 isa

permutation on N x N x N.
A triple sequence space EF of fuzzy numbers is said to be sequence algebra if <xijk ®Yijk>€ EF, whenever

(X (Y )e EF.

A triple sequence space EFof fuzzy numbers is said to be convergence free if <Yijk > cEF whenever<xijk > cEF and X , =0
implies Y, =0.

If A= <iijk> is a triple sequence of non-zero scalars, then for a sequence spacee" of fuzzy numbers, the multiplier

sequence space E™ (A) is defined as

EF(A) ={(Xy )1 (Ay Xy )€ EF L.
A multiplier from a sequence space DF into another sequence spaceE" is a real sequence u =<uijk> such that
ux :<uijkxijk> eEF, whenever X :<Xijk>€ DF .We denote the linear space of all such multipliers and bounded multipliers
by m(D", EF) and M(DF, E") respectively. In fact M(D",EF)= ,(¢%)~ m(D",EF).
Let <xijk> and <Yijk> be two triple sequences of fuzzy numbers. Then X, =Y, for almostall i, j and k relative to I, (in short

a.a. i, i & k r.ls) if {Gi,j.k) e NxNxN: Xy =Y tels

The following well-known inequality will be used throughout the paper.

Ifp :<pijk> is a triple sequence of bounded strictly positive numbers and H = sup P < then for two triple sequences <auk>
ij.k

and <bijk>’ ‘aijk + by, < D(‘au‘k " +‘bijk Py, where D = max( 1,2"7).
To prove some results in the paper, we will use the following Lemmas.
Lemma 2.1 Every solid sequence space is monotone.

Lemma 2.2 If a sequence space EF of fuzzy numbers is bounded and normal, then <2,”.k> eM(E",E") ifand only if
<lijk> €Ll .

If A= </lijk> is a multiplier sequence, p = < pijk> is a triple sequence of bounded strictly positive numbers and X = <Xijk>is a

sequence of fuzzy numbers, we introduce the following sequence spaces:

3(cF$(A, P) = X = (X5 ) € 5w ) :1imfd (i Xy, Xo)1™ =0, forsomeX, e R(L)},
LA, p):{x :<Xijk> €W ):l5-lim [a (X X)1™ =0, for some X, eR(L)},
2(C' )AL p) = {X = <Xijk>e SWFY 1 -limd (A Xy, 0017 = o},

(L)AL p) = {x = (X ye o(wF)isup limd (Ay Xy, 0)]™ < oo}.

ik

(M)A p) = (')A, p) N (L)AL P)
and 5 (M )(A, P) = 5(Co 7 )(A, P) P 5(£)(A, ).

Main Results

1(F) I(F)
Theorem 3.1 The sequence spaces (M)A p) and 3(Me " )(A . ) are are closed under addition and multiplication
operations.

(M)A, p) in a simi
Proof. We shall prove the result for the space 3% "0 ' P/ and the other can be proved in a similar way.

Let <X”k>’<Y”k>€ S(Mo™)(A ). Then the sets
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A= {(i, i K) € NN x N 2[d (A X , 0™ zf}e I,
2 and
B ={(i, i K) e NN x N [d (A, Yye 01 z‘;}e L.
Let %+ P be scalars. Now, we have
[d (A (@X e + BYy ), 01™ < D[d(Ay X, 01" + D [d(Ay Yy, 0)] ™™ .ccenn(2)

H =sup p;; <.

where D =max (1,2"7), ik From (1), we obtained

{(i, j k)€ NN N 2 [d (A (@X g + BV ), O™ > ‘;} c

.. CNFa *Iké‘ .. CNFa *“ké‘
{(n,;,k)eNxNxN.D[d(zﬂk(xijk,O)]H ZE}U{(I,j,k)eNxNxN.D[d(/‘t1jk(Yijk,O)]p 25}.el3. (@Xy + BYy) € (mE)(A, p). .

SUP Py <.
Theorem 3.2 Let "I Then the following statements are equivalent:

i (Xu) e )AP).

(i) 3 atriple sequence )< (TN P) o oy X =Yk for 0 i kel

ity 3 asubset M ={lin: Jn k) € NXNxNnm T €N} o NxNxNgyn that M € F(s) gng Kiias ) € SCT)A, p).
Proof. (i) = (ii). Let <Xiik>€ L€' ) (A, p). 3 X, €R(L)
L, —lim [d (A Xy, Xo)™ =0

e>0,{@,j,k) e NxNxN:[d(4; Xy X)I™ = e}el,.

Then such that

So for any

g>T r>u

Let (S (Tm) and Un) be three increasing sequences of natural numbers such that if P>Sp, m and m then

{(i,j,k)e NxNxN:i<p, j<q,k<r and [H(xijkxuk L X)]" Z%}e l,.

. Y.
We define the sequence < ”k> by:
Yise = Xijeo if 1Sy o IST o k=U,

Sm<iSSm+10rTm<j£T U,<k<u

_ 1
_ [d (2 X+ X1 <,
et Vik = X i e m  otherwise

Also for all (0 1K) with
Yijk = j-ijk X 0.

E > —.
Let € > 0 and m be chosen such that m For

(Yi )€ 5(c7)A, ).

S, <i<S

i>S j>Tmand

m

> U, [0 X X0 <

Hence

T, <J<T U,<k<U

m+11

Next let m+1 and m+l then

. . - L1
A={(|,J,k)eNxNxN:xijk¢Yijk}g{(|,J,k)eNxNxN:[d((z,ijkxijk,xo)]" Zm}elg. Acl

X =Y.
Hence 3 and so ik ik for

aa. i, j&kr. ls.

(Yy) € 5(cT XA, p)

(i) = (iii). Let there exists a triple sequence such that Xige = Yig foraai,j. &Kkr. ls.



574 Eighth International Conference on Recent Trends in Information, Telecommunication and Computing — ITC 2017

{(I 1K) e NxN >N X Y'Jk} then M eF(l,). On neglecting the rows and columns those contain finite

M ={(i,, j.. k))e NxNxN:nmleN}

If

number of elements, M can be enumerated as Then

(X i) €57 )A, P).

(iii) = (i). From (iii), the result (i) follows immediately. m

nJm

F) I(F)
Theorem 3.3 The sequence spaces 3 (m )(A.p) and? (M )(A . p) are complete metric spaces with respect to the
Pijk
p(X,Y) =sup[d (A X » Ay Yig )] » where M =max(1, H), H =sup p;; <o.
metric p defined as Lk Lk Proof. Consider

the space 3 (m ' )A, p).

(n) 1(F) (F) X™ (X ™ . (F)
Let (x) be a Cauchy sequence in 3(M " (A P) < 5(C2)(A L P ywhere < ik > since 2(fx ) (A P) 4
) lim X @ =X, _(x,
complete, so 3 X e 5(0)A L p) such that n-= where” <X'J">'

0<eg<l, HnOEN

(n)
Since < > is Cauchy, so for a given such that

p(X(") X(m))< S
3 forall ™M="o:

- [0 % ™ 2 X, ‘m))r

— (n) (m) & | Pni
=d (j'ijk Ko Aige Xge )< (3) ! n, mzn,.
for all

X(ﬂ) ,X(m) c S(m'(F))(A, p),

Again since so 3 fuzzy numbers Y and Yo such that

:{(i, J.K) e N NN [d (g X @ v <[‘;j }e F(l,)

and
{(. J.k) e Nx NN [d (2 X ™Y P < [3) }eF(I3).

Then AN BeF(l,). Let (i, J.k)e AnB.
d(Yn, m)<d(Yn: ijk ijk(n))+d(}‘ijk ™ J*ukx (m))"'d(}‘ijkxijk(m) ’Ym)

Now
>
<& goran MmM=No
<Y>_ ) limY, =Y. >0

Hence ' "/ is a Cauchy sequence fuzzy numbers. So there exists a fuzzy number Y such that n-= Let 77 be

()
given. Since X > X1 50 3t € N gy that

1
p(x® x)< (%)M ......... ()

| | ol <2 (0 v

Now together with (1), a number t is chosen such that 3 Since \" is I-convergentto !’ so
_ {(i 1K) e Nx N x N [d (2 x5 @ v ™ < }e F(1,).

So for each (1K) €C,
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[dGy X " < D2[a (X A X O +D2ld (X, YO +Dlacy ] < Dz(%}*“(%}”’@: n”

ijk * 7Mjk
H =supp;;, <
i,jk

(say), where D=max(l 2%,

X I(F)
Hence < "k> is I-convergent to Y which implies 3(m (A, p) is complete. Using similar technique, we can prove the
result for the other space. m

I(F)
Theorem 3.4 The sequence space 3 (my™")(A p) is normal and monotone.

- 1(F) Y.. q s n q B n .-
Proof. Let <X"k>€3(m° JA.P) and < ”"> be such that d (¥, 0) = d(Xy ’O)’for all s keN. Let €>0pe given.
Then from the following inclusion relation
{G,J.K) & N NN [ (g Xy 01 2 63240, 1.K) e Nx NN TG 01 268 & ciioms gt 5(ME)ALR) o

_ .. (m' YA, p) . .
normal. By Lemma 2.1, the space is monotone. m  Proposition 3.5 The sequence space 3 is neither solid nor
monotone.

Proof. To prove the result, we give a counter example.
1

= = Ag =7——— A
Example 3.1 Let I3 = |3(p): AEISv Piik _1and ! ('+J+k),forall i, j,keN.

We define the sequence <X“"> as:
Forail (1K) 2 A,

Le(i+j+K)-3, for 3——~ <t<3
(i+j+k)

Xi®) =1 1-(+j+K)-3), for 3<t<3+—
(i+j+k)

0 otherwise

Otherwise X =1-

Then <Xijk g (M'®)(A, p).
Let K={(.].k):i+j+k=3q:9eN}

The sequence <Y“k> is defined by:
Xy if (i, j,k)eK
*7 10, otherwise

g5 (M O)(A, p),

Y. 1(F) §
Then < ”"> belongs to the canonical pre-image of K step space of 2(MT)(A p). But <Y“k> which

1(F) 1(F)
implies that (M)A p) is not monotone. Therefore (M)A p) isnot normal. m

1(F) I(F)
Proposition 3.6 The sequence spaces (M)A p) and 2(My™)(A . p) are not symmetric.
Proof. The result follows from the following example.

1, for i evenand all j,k e N

Pix = i
Example 3.2. Let 's=1:(P). o {2, otherwise

Let the sequence <X ik > be defined as:

o .
For '="" neNandforall hkeN,
l+#

33i-2’

ot
3%i-2’

0, otherwise

for 2-33fi<t<0

Xige(t) =11— for 0<t<33/i-2
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1

= A =7, o ) 1(F) 1(F)
Otherwise X =% Then taking * 1 forall i ke N, e have (Xi) € oMYA, p), oMYA, ).

Define the rearrangement <Y”k> of (Xa) as:

For j, k odd and for all e N,
1+#, for 2-3i<t<0
3i-2
t :
Yy ()= 1—ﬂ for 0<t<3i-2
0, otherwise
= 0.

Otherwise " i
Then (Y ) € (M)A, p), 5(mg YA p).
1(F) I(F)
Proposition 3.7 The sequence spaces (M M P) ang (Mo )(AP) e not sequence  algebras.
Proof. The result follows from the following example.
1.
= b k)e A
Pix =7 3 (@ J )<
Example 3.3 Let Ae |3, 1, otherwise

Define the sequences <X”k> and <Y“"> by:

Forall (i 1.K) & A
L i iV
1+(i+j+k)3' for —(i+j+k)’ <t<0
ot o
Xt) =11 i for 0<t<(i+j+K)
0 otherwise
X =0.
Otherwise "k
For anl (1K) & A,
1t S, for 1-(i+j+ky<t<l
(i+j+k)
YO = 1—;13, for 1<t <L+(i+j+k)°
(i+j+k)
0, otherwise

Otherwise ik =&
A s i,j keN
Then taking (+i+K)" foran b :

(X ) (Y ) € o YA P (M)A R) g (X @Y o)A P, ()AL ).

1(F) I(F)
Proposition 3.8 The sequence spaces 2(M7)(A, p) and 2(M)(A p) are not convergence free.
Proof. From the following example, the result follows.

1
Pix == 11
Example 3.4 Let Acly, P 3 foran 'l keN,

Consider the sequences <X”k> defined by:
Forall (1K) & A
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! <t<
3(i+j+k)

Xu®)=41-3(+j+k)t, for O<t<

1+3(+j+k)t, for

3(i+j+k)
0, otherwise

Otherwise Xij =0.

1
ijk

“ TG k) for b i KEN (X ) € 5(m' A, ). 5(mg (A p).

Then taking ' it follows that

Next consider the sequence <Y”k> defined as:
For all (i, J.k) & A

lJr_?_)t , for HHkstsO
i+j+k 3
Y, 0= 11-—" for 0<t<iTI*K
! i+j+k
0, otherwise
Y, =0.

Otherwise ij

au (o) € 2L ), o(my©)(A  p).

Hence the two sequence spaces are not convergence free. m
1(F) 1(F)

Theorem 4.9 (i) €M (3 (co )P, 5(Co )(p))

Proof. Let (Z) € 5(22.)(P)

Then 3 J > 0 sych that
P={(i,j.k) e NxNxN:|4

it and only it (i) € s(L2)(P).

<X ijk > € 3(Co|(F))( p).

and

Pijk

<peF() g

Q:{(i, j k) e N Nx N :[d (X, , 0)]™ <%}e F(1,).
PAQ={(, j.k) e NxNxN :[d(4, X, ,0]™ <e}e F(l,).

A) €M, YD), 5 P)(P))

Then
Hence (}“ijk Xijk )e 3(C7)(p)

prove. m

and so( "As the converse part is simple, so we omit its

I(F)
Theorem 4.10 If the sequence space 3 ©(P) is not normal, then

(Zg) € M(5("™)(p). 5(c'®)(p)).
Proof. The result follows from Lemma 2.2. m

QN = (\Nijk}“ljkil) €4/ (p) Z(A) = Z2(Q)

Proposition  4.11 If then and the inclusion is proper, where

— I(F) I(F)
Z =, )(p). 5(c)(P). Proof. The inclusion Z(A) = 2(Q) is obvious. To prove that the inclusion is proper,
we cite a counter example.
by - % ij (i,j,k)eA

Example 3.5. Let Aels, 3, otherwise

Define the sequence <X“"> as
Forall (1 1K) & A,
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t

1+—, for —(i+j+k)<t<0
@i+j+k)
t -
X (1) =31- , for O0<t<(i k
#® iR <t<(i+j+k)
0, otherwise

otherwise ik =0

Wi =1 ] = i ) At :
Taking — (+i+K) P =L foran 13K €N e pave (Xw) 2@ and Wi ) is bounded. But (Xu )£ Z(A)

for =" 7)) <" V)(P).

Conclusion

For the development of any sequence space, convergence of that sequence space plays an important role. Ideal convergence
is a generalization of the usual notation of convergence. In this article, we have introduced and studied some multiplier fuzzy
real-valued ideal convergent triple sequence spaces. We have discussed some basic algebraic and topological properties of
the introduced spaces. We hope that the results introduced in this article can be applied for further investigations from
different aspects.
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